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0 Introduction

In january 2007, I gave a talk about the link between the differentiable stacks and the Lie groupoids
during the workshop on orbifolds which held at the University of Pardeborn. I explained how one can
associate to a Lie groupoidG a differentiable stackBG consisting of the principalG-bundles and to a
generalized morphism of Lie groupoidsf : G → G′ a morphism of stacksB(f) : BG → BG′. At the
end, I stated two questions:

Q1. IsB a morphism of (2-)categories ?

Q2. If it is, doesB induce an equivalence of (2-)categories ?

In the article [LTX, Rem 2.6], positive answers are given andsome elements of proof can be found in
[BX] (cf. [BX, Dictionnary Lemmas, Part 2.6]). This document is devoted to the study of these two
questions. Our work is based on the articles of Behrend, Xu [BX], Heinloth [H], Laurent-Gengoux, Tu
and Xu [LTX], Naumann [N], Pronk [P].

We now give some details on the plan and on the results.

1 We explain the notion of principalG-bundles over a manifold for a Lie groupoidG. This is a
generalization of the corresponding notion whenG is a Lie group. We follow very closely the
exposition of Moerdijk and Mrčun [MM, Chap 5].

2-3 We recall some basic properties of stacks and explain howone can descend a morphism between
two atlases to a morphism between the corresponding differentiable stacks. The results of these
two parts are well known results for algebraic stacks and we refer the reader to the book of Laumon
and Moret-Bailly [LM-B] for the proofs.

4-8 We define the 2-categories of Lie groupoidsLG and rigidified differentiable stacksRDS (an object
of RDS is a differentiable stack with a fixed atlas) and we constructtwo 2-functorsA : RDS →

LG andB′ : LG → RDS. We note that the definition ofB′ on the level of 1-morphisms differs
from the one given during the talk. The comparison of the two constructions is left to further in-
vestigations. We prove the following

Theorem (8.1)− The 2-functorsA andB′ are inverse equivalences of 2-categories.

These five parts are translations from the algebraic stacks to the differentiable stacks of the results
of Naumann [N, 3.1,3.2,3.3].

9 On the one hand many properties of Lie groupoids are invariant under Morita equivalences and
on the other hand one may be interested in the 2-category of differentiable stacksDS instead of
RDS. Note that we have an obvious forgetful 2-functorFor : RDS → DS and that every Lie
groupoid is Morita equivalent to an étale Lie groupoid. Themain result of this part is the

Theorem (9.2)− The 2-functorFor ◦ B′ induces a morphism of bicategoriesB : ELG[W−1] →
DS which defines an equivalence of bicategories.

HereELG[W−1] is the localisation of the 2-category of étale Lie groupoids ELG w.r.t. the class
of weak equivalencesW in the sense of Pronk [P, Part 2]. We point out that Pronk defines also
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an equivalence of bicategories betweenELG[W−1] andDS via the 2-category of differentiable
étendues [P, Cor 42].

10-11 The bicategoryELG[W−1] can be described using the notion of generalized morphisms.In this
part we prove this fact, i.e. the

Theorem (11.2)− We have a canonical morphism of bicategoriesC ′ : ELG → ELG+ which in-
duces an equivalence of bicategoriesC : ELG[W−1] → ELG+.

12 In this last part we use the previous results to deduce an equivalence of categories (see Thm 12.1).
In fact we divide bothELG[W−1] andDS by their 2-cells. As a consequence we can not consider
anymore 2-morphisms inDS. This leads to a notion which is not so easy to handle.

Acknowledgments: I am very glad to thank Stefan Wolf for interesting discussions on differentiable
stacks and Patrick Schützdeller for indicating me the article of Pronk [P] and explaining me some points
on Lie groupoids. I thank also Torsten Wedhorn for his help during the preparation of the talk and the
redaction of this document. In particular he suggested me that the article of Naumann [N] could be help-
ful to answer the questions Q1 and Q2.

Notations:

M the category of manifolds,
G the 2-category of groupoids,

YLS Yoneda Lemma for stacks (cf. [H, Lem 1.3]),
? horizontal composition of 2-morphisms in a 2-category.

1 Principal G-bundles over a manifold for a Lie groupoidG

Let

G := (G0, G1, s, t, e,m, i) be a Lie groupoid,
M be a manifold,

(H, e,m, i) be a Lie group,
H := (•,H,H → •,H → •, e,m, i) be the Lie groupoid associated toH.

We recall the following definitions.

Definition 1.1 [MM, p. 125] − A right action ofG onM along a smooth mapε : M → G0 is given by
a smooth map

µ : M ×
ε,G0,t

G1 → M, (m, g) 7→ mg

such that

a) ε(mg) = s(g) for all m ∈ M , g ∈ G1, such thatε(m) = t(g),

b) m e(ε(m)) = m for all m ∈ M ,

c) (mg)g′ = m(gg′) for all m ∈ M , g, g′ ∈ G1, such thats(g) = t(g′), ε(m) = t(g).
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A left action ofG onM along a smooth mapε : M → G0 is defined analogously.

Remark 1.2 − A right action ofH onM alongM → • is nothing but that a right action ofH onM .

We now define the notions ofG-bundles overM and morphisms between them.

Definition 1.3 [MM, p. 144-145]−

i) A G-bundle overM is a manifoldP equipped with two smooth maps

P

π

��

ε // G0

M

and a right action ofG alongε,

µ : P ×
ε,G0,t

G1 → P, (p, g) 7→ pg

such thatπ(pg) = π(p) for all p ∈ P , g ∈ G1 such thatε(p) = t(g).

ii) Let (P, π, ε, µ) and (P ′, π′, ε′, µ′) be twoG-bundles overM . A morphism ofG-bundles over
M from (P, π, ε, µ) to (P ′, π′, ε′, µ′) is a smooth mapf : P → P ′ which commutes with all the
structure maps, i.e.

a) π(p) = π′(f(p)) for all p ∈ P ,

b) ε(p) = ε′(f(p)) for all p ∈ P ,

c) f(pg) = f(p)g for all p ∈ P , g ∈ G1 such thatε(p) = t(g) (= ε′(f(p)) according to b).

Remark 1.4 [BX, Rem p. 11]− Behrend and Xu give the following interpretation of aG-bundle over
a manifoldM . An elementp of P can be viewed as an arrow fromπ(p) to ε(p). The action ofG on M
alongε corresponds then to the composition of such arrows.

Remark 1.5 − The morphisms ofG-bundles overM can be composed in an obvious way. So we have
defined a category which is called the category ofG-bundles overM .

Remark 1.6 − The functor

H-bundles overM → H-bundles overM ,
(P, π, ε, µ) 7→ (P, π, µ)

whereµ in the right hand side is viewed as aH-action onP (cf. Remark 1.2), and the functor

H-bundles overM → H-bundles overM ,
(P, π, µ) 7→ (P, π, P → •, µ)

whereµ in the right hand side is viewed as a right action ofH on P along P → • (cf. Remark 1.2),
are mutually inverse to each other. So the category ofH-bundles overM and the category ofH-bundles
overM are isomorphic.
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In the sequel we will focus on a full subcategory of the category of G-bundles overM . In order to define
its objects we introduce the following definition.

Definition 1.7 [MM, p. 145] − A G-bundle(P, π, ε, µ) overM is said to be principal if

a) π is a surjective submersion,

b) the map(pr1, µ) : P ×
ε,G0,t

G1 → P ×
π,M,π

P, (p, g) 7→ (p, pg) is a diffeomorphism.

Example 1.8 − The manifoldG1 equipped with the two maps

G1

t
��

s // G0

G0

and the right action ofG alongs
m : G1 ×

s,G0,t
G1 → G1

given by the multiplication ofG is a principal bundle overG0 which is called the unit bundle ofG and
denoted byU(G).

Example 1.9 − LetP := (P, π, ε, µ) be a principal bundle overM and letf : N → M be a smooth
map. The manifoldN ×

f,M,π
P equipped with the maps

N ×
f,M,π

P

pr1

��

pr2 // P
ε // G0

N

and the right action ofG alongε ◦ pr2 given by

IdN × µ : N ×
f,M,π◦pr1

(P ×
ε,G0,t

G1) = (N ×
f,M,π

P ) ×
ε◦pr2,G0,t

G1 → N ×
f,M,π

P

defines a principalG-bundle overN which we denotef∗P. Here all the fiber products are well defined
sinceπ is a submersion.

We introduce the categoryBG(M) defined as the full subcategory of the category ofG-bundles overM
characterized by

Ob(BG(M)) = the class of all principalG-bundles overM.

This category is a groupoid according to the following lemma.

Lemma 1.10 [MM, Remarks 5.34 (4) and (5)]− A morphism between two principalG-bundles overM
is an isomorphism.

2 On the 2-category of stacks

We refer to [H, Rem 1.2.4] for the definition of the 2-categoryof stacks which we denoteS.
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2.1 The universal property of the fiber product in the 2-category of stacks

In this part, we state the universal property of the fiber product inS as defined in [H, Def 2.1].

Let f : Y → X andg : Z → X be two 1-morphisms of stacks. Then the stackY ×
f,X ,g

Z is equipped

with two canonical 1-morphims

pr1 : Y ×
f,X ,g

Z → Y and pr2 : Y ×
f,X ,g

Z → Z

and a canonical 2-morphismcan

Y ×
f,X ,g

Z

pr1

{{www
ww

w pr2

##GGGGG

Y

f %%KKKKKKK
can
⇒ Z

gyysssssss

X

and the following universal property holds.

Proposition 2.1 − For all triples (k : T → Y, l : T → Z, α : f ◦ k ⇒ g ◦ l) there exist a unique triple
(h : T → Y ×

f,X ,g
Z, β : pr1 ◦ h ⇒ k, γ : pr2 ◦ h ⇒ l) such that the composition of the 2-morphisms in

the diagram
T

h

��

k

��

l

��

β
⇒

γ−1

⇒

Y ×
f,X ,g

Z

pr1

zzvvv
vv

v pr2

$$II
II

II

Y

f &&LLLLLLLL
can
⇒ Z

gxxqqqqqqqq

X

is equal toα.

Proof: Straightforward. �

Remark 2.2 − It follows from Proposition 2.1 that(Y ×
f,X ,g

Z, pr1, pr2, can) is a fiber product in the

2-categoryS and we should noteY
2
×

f,X ,g
Z instead ofY ×

f,X ,g
Z.

2.2 Monomorphisms, epimorphisms ans isomorphisms

We define the notion of monomorphism and of epimorphism in thecategoryS. These are translations of
the corresponding definitions in the category of algebraic stacks.

Definition 2.3 [LM-B, p.15] − A monomorphism inS is a monomorphism in the category of 2-functors
fromM to G.
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Definition 2.4 [LM-B, Def 3.6] − Let F : X → X ′ be a 1-morphism of stacks. We say thatF is an
epimorphism inS if and only if the following condition holds. For all manifoldsM ′, P ′ ∈ Ob(X ′(M ′)),
there existsf : M → M ′ a surjective submersion andP ∈ Ob(X (M)) such thatFM (P ) ' f∗P ′.

Remark 2.5 − Let f : X → Y be a smooth map between manifolds. Then the associated morphism in
S between the associated stacks is an epimorphism if and only if f is a surjective submersion.

Then we state two properties. These are analog of known results in the category of algebraic stacks (see
[LM-B, Cor 3.7.1 and Prop 3.8.1]). The proofs work in an analougous way and we leave the details to
the reader.

Proposition 2.6 − A 1-morphism inS which is a monomorphism and an epimorphism is an isomor-
phism.

Proposition 2.7 − Let us consider the following 2-cartesian diagram of morphisms of stacks.

Y

f

��

y // Y ′

f ′

��

⇒

X x
// X ′

i) If f ′ is an epimorphism, then so isf .

ii) If f andx are epimorphisms, then so isf ′.

3 Constructions of morphisms in the2-category of differentiable stacks

The category of differentiable stacksDS is the full sub-2-category ofS whose objects are the differ-
entiable stacks. We give two propositions which we will use below two construct 1-morphisms and
2-morphisms between stacks. These are the analogs of the properties for differentiable stacks of proper-
ties stated for algebraic stacks in the proof of Proposition4.18 in [LM-B] (see also [BX, p. 10] and [H,
Lem 2.27]).

Consider differentiable stacksX , X ′ and letp : X → X be an atlas ofX . Fromp and a descent datum
we can construct a canonical 1-morphismX → X ′.

Proposition 3.1 − If f : X → X ′ is a morphism of stacks and ifα is a 2-morphism inS

α : (f ◦ pr1 : X ×
p,X ,p

X → X ′) ⇒ (f ◦ pr2 : X ×
p,X ,p

X → X ′)

which satisfies the following cocycle condition onX ×
p,X ,p

X ×
p,X ,p

X

pr∗23α ? pr∗12α = pr∗13α (1)

then there exist a morphism of stacksϕ : X → X ′ and a 2-morphismβ

X
f //

p

��1
11

11
11

11
X ′

⇒β

X

ϕ

FF
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such that the following diagram 2-commutes

X ×
p,X ,p

X

pr2

zzuuuuuuuuuuuuuuuuuuuuuuuuuuuu
pr1

''PPPPPPPPPPPPPPPPPP

pr2

��.
..

..
..

..
..

..
..

..

pr1

��
X

ϕ◦p

��

pr∗
1
β

⇒ X

f

����
��

��
��

��
��

��
��

��
��

��
��

��
��

��
�

ϕ∗can⇒ ⇒α

D(ϕ, β) X

ϕ◦p

%%LLLLLLLLLLLLLLLLLLLLLLLLLLLLL
pr∗

2
β

⇒ X

f

����
��
��
��
��
��
��
��

X ′

i.e. α ? pr∗2β ? ϕ∗can = pr∗1β, wherecan is the structural 2-morphism of the fiber productX ×
p,X ,p

X.

Moreover, this pair(ϕ, β) is unique up to a unique 2-morphism, i.e. if

(ϕ′ : X → X ′, β′ : ϕ′ ◦ p ⇒ f)

is another pair such that the diagramD(ϕ′, β′) commutes then there exists a unique 2-morphismθ : ϕ ⇒

ϕ′ such that the composition of the 2-morphisms in the diagram

X
f //

p

��4
44

44
44

44
4

p

��

X ′

⇒β′

X

ϕ′

EE











⇒p∗θ

X

ϕ

PP

is equal toβ.

Proof : We refer to [H, p. 10] for the construction off . This is done using essentially the gluing
conditions for stacks (cf. [H, Def 1.1 1,2]). In fact the whole proposition is a consequence of these
axioms. �

Proposition 3.2 − Letf, f ′ : X → X ′ be two 1-morphisms of stacks and let

α : (f ◦ pr1 : X ×
p,X ,p

X → X ′) ⇒ (f ◦ pr2 : X ×
p,X ,p

X → X ′)

α′ : (f ′ ◦ pr1 : X ×
p,X ,p

X → X ′) ⇒ (f ′ ◦ pr2 : X ×
p,X ,p

X → X ′)

be two 2-morphisms inS which satisfy the cocycle condition (1) onX ×
p,X ,p

X ×
p,X ,p

X. Then we associate

to (f, α) (resp. (f ′, α′)) a morphism of stacksϕ : X → X ′ (resp. ϕ′ : X → X ′) and a 2-morphism
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β : ϕ ◦ p ⇒ f (resp.β′ : ϕ′ ◦ p ⇒ f ′) using the previous Proposition. Letγ : f ⇒ f ′ be a 2-morphism
in S such that the diagram

f ◦ pr1

pr∗
1
γ

��

α +3 f ◦ pr2

pr∗
2
γ

��
f ′ ◦ pr1

α′
+3 f ′ ◦ pr2

commutes. Then there exists a unique 2-morphism inS , θ : ϕ ⇒ ϕ′, such that the diagram

X

p

~~~~
~~

~~
~~

~~
~~

~~
~~

~~
~

f

��.
..

..
..

..
..

..
..

..
..

..
..

..
..

.. f ′

))SSSSSSSSSSS

X ′

⇒β′ ⇒γ

X

ϕ′

55

ϕ

((QQQQQQQQQQQQQQQQQQQQQQQQQQQQQ ⇒β

⇒θ

X ′

2-commutes.

Proof : This is also a consequence of the gluing conditions for stacks. �

4 The2-category of rigidified differentiable stacks

The 2-category of rigidified differentiable stacks is defined as follows.

0. The objects are differentiable stacks equipped with an atlas (cf. [H, Def 2.3]), i.e. the pairs
(X , p : X → X ) whereX is a differentiable stack andp is an atlas (cf. [H, Def 2.3]) ofX .

1. A 1-morphism from(X , p : X → X ) to (X ′, p′ : X ′ → X ′) is a pair of 1-morphisms inS
(f : X → X ′, f ′ : X → X ′) and a 2-morphismα in S:

X
f //

p

��

X ′

p′

��

α⇒

X
f ′

// X ′

.

The composition of 1-morphisms is defined componentwise.

2. Given two 1-morphisms(f, f ′, α), (g, g′ , β) : (X , p : X → X ) → (X ′, p′ : X ′ → X ′), a 2-
morphism is by definition a 2-morphism fromf ′ to g′ in S.
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These data define a 2-category which we denoteRDS. We note that we have a forgetful 2-functor

For : RDS → DS, (X , p : X → X ) 7→ X .

5 The2-category of Lie groupoids

We define the2-category of Lie groupoids as follows.

0. The objects are the Lie groupoids(G0, G1, s, t, e,m, i).

1. A 1-morphim between of Lie groupoids from(G0, G1, s, t, e,m, i) to (G′
0, G

′
1, s

′, t′, e′,m′, i′) is a
pair of smooth morphisms(f0 : G0 → G′

0, f1 : G1 → G′
1) which commutes with all the structure

maps.

2. Given two 1-morphisms(f0, f1), (g0, g1) : (G0, G1) → (G′
0, G

′
1), a 2-morphismc : (f0, f1) ⇒

(g0, g1) is a smooth morphismc : G0 → G′
1 such thats′c = f0, t′c = g0 and the diagram

G1
(g1,cs) //

(ct,f1)

��

G′
1 ×

s′,G′
0
,t′

G′
1

m′

��
G′

1 ×
s′,G′

0
,t′

G′
1

m′
// G′

1

commutes. For(f0, f1) = (g0, g1), the identity 2-morphism is given byc := ef0. Given two
2-morphismsc : (f0, f1) ⇒ (g0, g1) andc′ : (g0, g1) ⇒ (h0, h1) , their composition is defined by

G0
c′,c // G

′
1 ×

s′,G′
0
,t′

G′
1 m′

// G′
1.

One checks that the axioms of a 2-category are satisfied. We denoteLG the2-category defined above.

6 From rigidified differentiable stacks to Lie groupoids

We define a 2-functorA : RDS → LG as follows.

0. Let(X , p : X → X ) be an object ofRDS. We define

G0 := X,

G1 := X ×
p,X ,p

X,

s := pr1 : X ×
p,X ,p

X → X,

t := pr2 : X ×
p,X ,p

X → X,

e := (IdX , IdX) : X → X ×
p,X ,p

X, x 7→ (x, x),

m := (X ×
p,X ,p

X) ×
s,X,t

(X ×
p,X ,p

X) = X ×
p,X ,p

X ×
p,X ,p

X (pr1,pr3) // X ×
p,X ,p

X ,
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i : X ×
p,X ,p

X → X ×
p,X ,p

X, (x, y) 7→ (y, x).

Then one checks thatA(X , p : X → X ) := (G0, G1, s, t, e,m, i) is a Lie groupoid.

1. If (f, f ′, α) : (X , p : X → X ) → (X ′, p′ : X ′ → X ′) is a 1-morphism inRDS, we define the
1-morphismA(f, f ′, α) in LG by A(f, f ′, α) := (f, f × f).

2. Let (f, f ′, α), (g, g′ , β) : (X , p : X → X ) → (X ′, p′ : X ′ → X ′) be two 1-morphisms and a 2-
morphism from(f, f ′, α) to (g, g′, β) in RDS. Then by definition, we have a 2-morphism inS,
γ : f ′ → g′ which induces the 2-morphism inS p∗γ : f ′ ◦ p ⇒ g′ ◦ p. So we have the following
diagram.

X

f

wwooooooooooooooooo

p

��













p

��4
44

44
44

4

g

''OOOOOOOOOOOOOOOOO

X ′

p′

''OOOOOOOOOOOOOOOOO
α
⇒ X

f ′

��4
44

44
44

4
p∗γ
⇒ X

g′

��













β
⇐ X ′

p′

wwooooooooooooooooo

X ′

We defineA(γ) ∈ Homsmooth(X,X ′ ×
p′,X ′,p′

X ′) = HomS(X,X ′ ×
p′,X ′,p′

X ′) = X ′ ×
p′,X ′,p′

X ′ (X)

(cf. YLS) by A(γ) = (f, g, β−1 ? p∗γ ? α).

7 From Lie groupoids to rigidified differentiable stacks

We define a 2-functorB′ : LG → RDS as follows.

0. LetG = (G0, G1, s, t, e,m, i) be a Lie groupoid. We associate toG the differentiable stackBG
(see part 1):

BG : M → G

M 7→ BG(M)
f : M → N 7→ f∗ : BG(N) → BG(M).

The following lemma gives an atlas forBG.

Lemma 7.1 [H, Lem 3.1] − The mapu : G0 → BG which corresponds to the unitG-bundle
U(G) overG0 (cf. YLS) is an atlas ofBG.

We define the objectB′G of RDS asB′G := (BG,u : G0 → BG).

Remark 7.2 − The inverse map ofG, i : G1 → G1, induces a canonical isomorphism in the
category ofG-bundles overG1 from s∗U(G) to t∗U(G) which corresponds (cf. YLS) to a unique
2-morphismι in S

ι : (u ◦ s : G1 → BG) ⇒ (u ◦ t : G1 → BG).
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Then the triple(s, t, ι) gives a 1-morphismσ : G1 → G0 ×
u,BG,u

G0 which is an isomorphism, and

(G1, s : G1 → G0, t : G1 → G0, ι : u ◦ s ⇒ u ◦ t)

is the fiber product ofu : G0 → BG andu : G0 → BG in the 2-categoryS.

1. Let(f0, f1) : (G0, G1) → (G′
0, G

′
1) be a 1-morphism inLG.

i) Let f : G0 → BG′ be the compositionu′ ◦ f0 whereu′ : G′
0 → BG′ is the morphism of

stacks which corresponds to the unitG′-bundle overG′
0.

ii) We want now to define a 2-morphism inS

α : (f ◦ pr1 : G0 ×
u,BG,u

G0 → BG′) +3 (f ◦ pr2 : G0 ×
u,BG,u

G0 → BG′)

(u′ ◦ f0 ◦ s = u′ ◦ s′ ◦ f1 : G1 → BG′) (u′ ◦ f0 ◦ t = u′ ◦ t′ ◦ f1 : G1 → BG′).

We defineα asα := f∗
1 ι′ where

ι′ : (u′ ◦ s′ : G′
1 → BG′) ⇒ (u′ ◦ t′ : G′

1 → BG′)

is the canonical 2-morphism inS associated to the inverse map of the Lie groupoid(G′
0, G

′
1)

(see Remark 7.2).

iii) Using Proposition 3.1, we associate to(f, α) a canonical pair

(ϕ : BG → BG′, β : ϕ ◦ u ⇒ f)

such that the triple(f0, ϕ, β−1) defines a 1-morphism betweenB′G andB′G′ in RDS which
we denoteB′(f0, f1).

2. Let (f0, f1), (g0, g1) : (G0, G1) → (G′
0, G

′
1) be two 1-morphisms and letc : G0 → G′

1 be a 2-
morphism from(f0, f1) to (g0, g1) in LG.

i) We want to define a 2-morphismγ in S

γ : (u′ ◦ f0 : G0 → BG′) ⇒ (u′ ◦ g0 : G0 → BG′).

We haves′ ◦ c = f0 andt′ ◦ c = g0. Let γ be the composition of the 2-morphisms in the
following diagram

G0

c

��

f0

��

g0

��

1
⇒

1
⇒

G′
1

s′

||zzz
zz t′

""DD
DD

D

G′
0

u′ ""FF
FF

F
ι
⇒ G′

0

u′||yyy
yy

BG′

where the 2-morphismι is defined in Remark 7.2.
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ii) If we denoteB′(f0, f1) =: (f0, ϕ, β−1) andB′(g0, g1) =: (g0, ϕ
′, β′−1), then using Propo-

sition 3.2, we associate toγ a canonical 2-morphismθ

θ : ϕ ⇒ ϕ′

and we defineB′(c) asB′(c) = θ.

8 Comparison of two 2-categories

Theorem 8.1 − The above 2-functorsA : RDS → LG andB′ : LG → RDS are inverse equivalences
of 2-categories.

Proof:

a) We construct an isomorphism of 2-functorsν : B′ ◦ A
∼
→ IdRDS . Let (X , p : X → X ) be an

object ofRDS. We need to define a 1-isomorphism,ν(X , p : X → X ), in RDS

B′(A(X , p : X → X ))
ν(X ,p : X→X ) // (X , p : X → X ).

(B(X,X ×
p,X ,p

X), u : X → B(X,X ×
p,X ,p

X))

We consider the morphismp : X → X and we want to build a 2-morphism inS

α : (u ◦ pr1 : X ×
u,B(X,X ×

p,X ,p
X),u

X → X ) ⇒ (u ◦ pr2 : X ×
u,B(X,X ×

p,X ,p
X),u

X → X )

to define a 1-morphismϕ : B(X,X ×
p,X ,p

X) → X and a 2-morphismβ : ϕ ◦ u ⇒ p in S using

Proposition 3.1. By Remark 7.2, the 2-morphisms

(p ◦ pr1 : X ×
u,B(X,X ×

p,X ,p
X),u

X → X ) ⇒ (p ◦ pr2 : X ×
u,B(X,X ×

p,X ,p
X),u

X → X )

correspond bijectively to the 2-morphisms

(p ◦ pr1 : X ×
p,X ,p

X → X ) ⇒ (p ◦ pr2 : X ×
p,X ,p

X → X ).

We defineα to be the 2-morphism which corresponds to the canonical 2-morphism

ι : (p ◦ pr1 : X ×
p,X ,p

X → X ) ⇒ (p ◦ pr2 : X ×
p,X ,p

X → X )

induced by the inverse map of the Lie groupoidA(X , p : X → X ), i.e. the map which interchanges
both factors onX ×

p,X ,p
X (cf. Remark 7.2). One checks that the cocycle condition holds. By

Proposition 3.1, we get a canonical pair

(ϕ : B(X,X ×
p,X ,p

X) → X , β : ϕ ◦ u ⇒ p)

as explained above.
It follows from Remark 7.2 and the propertyϕ ◦ u ' p thatϕ is a monomorphism inS. This is
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also an epimorphism (sincep is), thus an isomorphism (cf. Lemma 2.6).
We define the 1-isomorphismν(X , p : X → X ) as

ν(X , p : X → X ) := (IdX , ϕ, β−1).

One checks that the dataν(X , p : X → X ) for (X , p : X → X ) ∈ Ob(RDS) define a 2-natural
transformationν : B′ ◦ A → IdRDS which is an isomorphim of 2-functors.

b) We define an isomorphism of 2-functorsη : A ◦ B′ ∼
→ IdLG. Let G = (G0, G1, s, t, e,m, i) be a

Lie groupoid. Then we have

A ◦ B′(G0, G1) = (G0, G0 ×
u,BG,u

G0)

and a canonical ismomorphismσ : G1 → G0 ×
u,BG,u

G0 by Remark 7.2. One checks that

η(G) := (IdG0
, σ−1) : A ◦ B′(G0, G1) = (G0, G0 ×

u,BG,u
G0) → (G0, G1)

is an 1-isomorphism of Lie groupoids and the dataη(G) for G ∈ Ob(LG) define a natural trans-
formationν : B′ ◦ A → IdRDS which is an isomorphim of 2-functors.

�

9 Localization w.r.t. weak equivalences and a comparison oftwo bicate-
gories

Many properties of Lie groupoids are invariant under Moritaequivalences (cf. [M2, 2.4]) (e.g. being
proper, see [MM, Part 5.4]). Thus it might be useful to consider 1-morphisms inLG up to Morita equiv-
alences (cf. [M2, 2.4]). We note that being étale is not invariant under Morita equivalences since any Lie
groupoid is Morita equivalent (cf. [M2, 2.4]) to an étale Lie groupoid. On the other it is not so easy to
work in the 2-categoryRDS where an object is a differentiable stack with a fixed atlas.

We would like to have a ”localized” version of 8.1, i.e. an equivalence of 2-categories between the 2-
category ”LG localized w.r.t. weak equivalences” (cf. [M2, 2.4]) and some 2-category constructed from
RDS. In fact we will consider bicategories rather than 2-categories (see Theorem 9.2).

Since any Lie groupoids is Morita equivalent to an étale Liegroupoid and since we would like to invert
all the weak equivalences, it is natural to restrict our attention to the full sub-2-categoryELG of LG
such thatOb(ELG) is the class of all étale Lie groupoids. LetW be the class of all weak equivalences
between étale Lie groupoids.

Using the notion of weak fiber product [MM, p. 123-124] one shows that any diagram of 1-morphisms
of étale Lie groupoids

G′

f

��
G′

ε
// H

14



whereε is a weak equivalence, can be completed to get a 2-commutative diagram of 1-morphisms of Lie
groupoids

K

f ′

��

ε′ // G′

f

��

θ⇒

G′
ε

// H

(2)

whereε′ is a weak equivalence (see [M1, 7.5]). This is a weaker form ofa property1 we ask for in the
definition of a class admitting a calculus of fractions, i.e.we can findf ′, ε′ such that the diagram (2)
commutes (θ = 1). This leads us to consider bicategories instead of 2-categories.

The classW satisfies the propertiesBF1, . . . , BF5 of [P, 2.1]. In part 4.1 of [P], Pronk checks this for
topological stacks. The arguments works as well for the differentiable stacks. Thus we can consider the
bicategory of fractionsELG[W−1] defined in [P, Part 2]).

Proposition 9.1 − Let (f0, f1) : G = (G0, G1, s, t, e,m, i) → G′ = (G′
0, G

′
1, s

′, t′, e′,m′, i′) be a mor-
phism of Lie groupoids and let(f0, ϕ, β) be the 1-morphismB′(f0, f1) in RDS. Then the 1-morphism
ϕ : BG → BG′ in RDS is an isomorphism if and only if(f0, f1) is a weak equivalence.

Proof:

i) Using Proposition 2.7 and Remarks 7.2 and 2.5, one observes thatϕ is an epimorphism if and only
if the mapt′ ◦ pr2 : G0 ×

f0,G′
0
,s′

G′
1 → G′

0 is a surjective submersion.

ii) It follows from Remark 7.2 that the following commutative square

G1
f1 //

(s,t)

��

G′
1

(s′,t′)
��

G0 × G0
(f0,f0)// G′

0 × G′
0

is cartesian if and only ifϕ is an isomorphism.

iii) Then the result is a consequence of Proposition 2.6.

�

As a consequence, by the universal property of the bicategory ELG[W−1] (see [P, p. 253]), the 2-functor

For ◦ B′
|ELG : ELG

B′
|ELG // RDS

For // DS

factors through the canonical morphism of bicategoriesU : ELG → ELG[W−1] and we get a canonical
morphism of bicategories

B : ELG[W−1] → DS

such thatFor ◦ B′ = B ◦ U.

The following Theorem is an analog of Theorem 8.1 where one considers the morphisms of Lie groupoids
up to Morita equivalences and the differentiable stacks without any fixed atlas.

1The author does not know if this stronger property holds for the classW .
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Theorem 9.2 − The morphism of bicategoriesB : ELG[W−1] → DS defines an equivalence of bicate-
gories.

Proof: We check the necessary and sufficient conditions given in [P,Prop 24].

i) B is essentially surjective on objects.

SinceB′ defines an equivalence of 2-categories, it is essentially surjective on objects. The same
property holds forFor since any differentiable stack has an atlas. Then the claim follows from the
fact that any Lie groupoids is Morita equivalent to an étaleLie groupoid.

ii) B is fully faithful on 2-cells.

This is clear forB′ since it defines an equivalence of 2-categories and also forFor becauseDS

andRDS have the same 2-cells.

iii) For all G = (G0, G1), G
′ = (G′

0, G
′
1) ∈ Ob(ELG), for any 1-morphismF : BG → BG′ in DS,

there exists a weak equivalencew of Lie groupoids and a 1-morphismf : G → G′ in LG such that
B(f) andF ◦ B(w) are isomorphic.

It is a consequence of the following two lemmas (cf. Proposition 9.5).

�

Lemma 9.3 − Let G = (G0, G1), G′ = (G′
0, G

′
1) be two Lie groupoids and letF : BG → BG′ be a

1-morphism inS. Then there exist a Lie groupoidH = (H0,H1), a weak equivalence of Lie groupoids
(f0, f1) : (H0,H1) → (G0, G1) and a smooth mapf ′

0 : H0 → G′
0 such that the diagram

H0

f ′
0

��

f0 // G0
u // BG,

F

��

⇒

G′
0 u′

// BG′

2-commutes. As above,u : G0 → BG (resp.u′ : G′
0 → BG′) is the morphism which corresponds to the

unit bundle ofG (resp.G′) (cf. YLS).

Proof: Let H0 be the manifoldG0 ×
F◦u,BG′,u′

G′
0. Then we have two canonical smooth maps

f0 := pr1 : H0 → G0 andf ′
0 := pr2 : H0 → G′

0

and a canonical 2-morphismcan : F ◦u◦f0 ⇒ u′ ◦f ′
0. Moreoverf0 is a surjective submersion. Thus we

can consider the induced Lie groupoidf∗
0 G = (H0,H1) (see [M2, p. 121-122]) and we have a canonical

mapf1 : H1 → G1 such that(f0, f1) is a morphism of Lie groupoids. In fact one checks easily that
(f0, f1) is a weak equivalence. �
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Lemma 9.4 − Let G = (G0, G1, s, t, e,m, i), G′ = (G′
0, G

′
1, s

′, t′, e′,m′, i′) be two Lie groupoids
and letF : BG → BG′ be a morphism inS such that there existf0 : G0 → G′

0 and a 2-morphism
α : u′ ◦ f0 → F ◦ u, i.e. a 2-commutative diagram

G0

u

��

f0 // G′.

u′

��

α⇒

BG
F

// BG′

Then there exists a smooth mapf1 : G1 → G′
1 such that(f0, f1) is a morphism of Lie groupoids and

B(f0, f1) ' F .

Proof: Let β be the composition of the 2-morphisms of the following diagram.

G1

s

~~||
||

||
||

|
t

!!CC
CC

CC
CC

C

G0

f0

����
��
��
��
��
��
��
��

u
!!B

BB
BB

BB
BB

ιG

⇒
G0

u
}}zz

zz
zz

zz
z

f0

��1
11

11
11

11
11

11
11

1

BG

F

��

G′
0

u′

((PPPPPPPPPPPPPPP
α
⇒ α−1

⇒ G′
0

u′

vvmmmmmmmmmmmmmmmm

BG′

By the universal property of the fiber product inS, (f0 ◦s, f0 ◦ t, β) defines a unique morphism of stacks

f1 : G1 → G′
0 ×

u′,BG′,u′
G′

0 = G′
1

such thatf0 ◦ s = s′ ◦ f1 andf0 ◦ t = t′ ◦ f1 (cf. YLS). One checks that(f0, f1) is a morphism of
Lie groupoids and thatB′(f0, f1) is the morphism associated to(u′ ◦ f0, α) via Proposition 3.1, i.e.
B(f0, f1) ' F .

�

Proposition 9.5 − LetG = (G0, G1), G
′ = (G′

0, G
′
1) be two Lie groupoids and letF : BG → BG′ be

a 1-morphism inDS. There exists a weak equivalencew of Lie groupoids and a 1-morphismf : G → G′

in LG such thatB(f) andF ◦ B(w) are isomorphic.

Proof: We apply Lemma 9.3 to get a Lie groupoidH0, a weak equivalence of Lie groupoids

(f0, f1) : (H0,H1) → (G0, G1)

and a smooth mapf ′
0 : H0 → G′

0 such that

F ◦ u ◦ f0 ' u′ ◦ f ′
0. (3)
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Let us introduce the morphismv : H0 → BH which corresponds to the unit bundle ofH (cf. YLS). We
have

B(f0, f1) ◦ v ' u ◦ f0. (4)

Combining (3) and (4), we get
F ◦ B(f0, f1) ◦ v ' u′ ◦ f ′

0. (5)

By Lemma 9.4 and the relation (5), there existsf ′
1 : H1 → G′

1 such that(f ′
0, f

′
1) is a morphism of Lie

groupoids and such that
B(f ′

0, f
′
1) ' F ◦ B(f0, f1).

�

10 The bicategory of Lie groupoids with generalized morphisms

We recall now the definition of a generalized morphism between Lie groupoids.

Definition 10.1 [LTX, Def 2.1] − Let G = (G0, G1) and G′ = (G′
0, G

′
0) be two Lie groupoids. A

generalized morphism fromG to G′ is given by a manifoldP , two smooth maps

P

π

��

ε // G′
0

G0

,

a left actionλ of G alongπ, a right actionρ of G′ alongε such that the two actions commute andP is a
principal G′-bundle overG0.

Then we introduce a notion of (iso)morphisms between two generalized morphisms.

Definition 10.2 [HM, Def 3.1]− Let(P, π, ε, λ, ρ) and(P ′, π′, ε′, λ′, ρ′) be two generalized morphisms
from G to G′. A generalized 2-morphisms from(P, π, ε, λ, ρ) to (P ′, π′, ε′, λ′, ρ′) is a diffeomorphism
P → P ′ which isG- andG′-equivariant.

Remark 10.3 − One defines in an obvious way the composition of two generalized 2-morphisms be-
tween two generalized morphisms between two fixed Lie groupoids. Every generalized 2-morphism is
invertible.

The following two lemmas explain the terminology.

Lemma 10.4 [LTX, p. 846]− Let (f0, f1) : (G0, G1, s, t, e,m, i) → (G′
0, G

′
1, s

′, t′, e′,m′, i′) be a 1-
morphism of Lie groupoids. Then the following data:

P := G0 ×
f0,G′

0
,t′

G′
1,

π : P → G0, (x, g′) 7→ x,
ε : P → G′

0, (x, g′) 7→ s′(g′),
λ : G1 ×

s,G0,π
P → P, (g, (x, g′)) 7→ (t(g), f1(g)g′),

ρ : P ×
ε,G′

0
,t

G′
1, ((x, g′), h′) 7→ (s, g′h′).

define a canonical generalized isomorphism which we called the generalized morphism associated to
(f0, f1).

18



Proof: Straightforward. �

We define the identity generalized morphism of a Lie groupoidG, denoted byId+
G, as the associated

generalized morphism associated to(IdG0
, IdG1

) : (G0, G1) → (G0, G1).

Lemma 10.5 − Let(f0, f1) and(g0, g1) be two 1-morphisms of Lie groupoids from(G0, G1, s, t, e,m, i)
to (G′

0, G
′
1, s

′, t′, e′,m′, i′). Letc : G0 ⇒ G′
1 be a 2-morphism inLG. Then the map

G0 ×
f0,G′

0
,t′

G′
1 → G0 ×

g0,G′
0
,t′

G′
1, (x, g′) 7→ (x, c(x)g′)

defines a generalized 2-morphism fromC(f0, f1) to C(g0, g1) called the generalized 2-morphism asso-
ciated toc.

Proof: Straightforward. �

Proposition 10.6 [LTX, Prop 2.2]− Let(P, π, ε, λ, ρ) be a generalized morphism from(G0, G1, s, t, e,m, i)
to (G′

0, G
′
1, s

′, t′, e′,m′, i′) and let(P ′, π′, ε′, λ′, ρ′) be a generalized morphism from(G′
0, G

′
1, s

′, t′, e′,m′, i′)
to (G′′

0 , G
′′
1 , s

′′, t′′, e′′,m′′, i′′). The following data

P ′′ := the quotient ofP ×
ε,G′

0
,π′

P ′ by the following action ofG′
1 : (p, p′)g′ = (pg′, (g′)−1p′),

π′′ : P ′′ → G′
0, [(p, p′)] 7→ ε(p) = π′(p′),

ε′′ : P ′′ → G′′
0 , [(p, p′)] 7→ ε′(p′),

λ : G′
1 ×

s′,G′
0
,π′′

P ′′ → P ′′, (g′, [(p, p′)]) 7→ [(p, g′p′)] = [(p(g′)−1, p′],

ρ′′ : P ′′ ×
ε′′,G′

0
,t′

G′′
1 → P ′′, ([(p, p′)], g′′) 7→ [(p, p′g′′)].

define a generalized morphism from(G0, G1, s, t, e,m, i) to (G′′
0 , G

′′
1 , s

′′, t′′, e′′,m′′, i′′) which is by def-
inition the composition of(P, π, ε, λ, ρ) and(P ′, π′, ε′, λ′, ρ′).

Remark 10.7 [HM, below Def 3.1]− Since we define the composition of generalized morphisms us-
ing a pullback, this composition is not associative. In fact, it is easy to check that the composition of
generalized morphisms is associative up to generalized 2-isomorphisms.

We define the bicategory of étale Lie groupoids with generalized isomorphisms which we denoteELG+

as follows.

0. The objects are the étale Lie groupoids.

1. The 1-morphisms are the generalized 1-morphisms.

2. The 2-morphisms are the generalized 2-morphisms.

11 Localization w.r.t. weak equivalences versus generalized morphisms

We define a morphism of bicategoriesC ′ : ELG → ELG+ as follows.

0. C ′ is the identity on the 0-cells.
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1. If f is a 1-morphism of étale Lie groupoids thenC ′(f) is the generalized morphism associated to
(f0, f1) (cf. Lemma 10.4).

2. If c is a 2-morphism inELG thenC ′(f) is the generalized 2-morphism associated toc (cf. Lemma
10.5).

Our first aim is to check that the morphism of bicategoriesC ′ : ELG → ELG+ factors through the
canonical morphism of bicategoriesU : ELG → ELG[W−1].

Proposition 11.1 −

i) Let f := (P, π, ε, λ, ρ) be a generalized morphism fromG = (G0, G1, s, t, e,m, i) to G′ =
(G′

0, G
′
1, s

′, t′, e′,m′, i′) such that(P, π, ε, λ) is a (left) principalG-bundle overG′
0. Then there

exists a generalized morphismg : G′ → G such thatg ◦ f = Id+
G andf ◦ g ' Id+

G′ .

ii) Let f : G → G′ be a weak equivalence of Lie groupoids. Then there exists a generalized morphism
g : G′ → G such thatg ◦ C ′(f) = Id+

G andC ′(f) ◦ g ' Id+
G′ .

Proof:

i) If (P, π, ε, λ, ρ) is a (left) principalG-bundle overG′
0 then the following data

P,
π′ := ε : P → G′

0,
ε′ := π : P → G0,
λ′ : G′

1 ×
s′,G′

0
,ε

P → P, (g′, p) 7→ p(g′)−1,

ρ′ : P ×
π,G0,t

G1 → P, (p, g) 7→ g−1p.

define a generalized morphism fromG′ to G which we denoteg. One checks easily thatg ◦ f =
Id+

G andf ◦ g ' Id+
G′ .

ii) Let f : G → G′ be a weak equivalence of Lie groupoids and letC ′(f) = (P, π, ε, λ, ρ). Then one
Remarks that(P, π, ε, λ) is a (left) principalG-bundle overG′

0.

�

By the universal property ofELG[W−1] (cf. [P, p. 253]), we get a canonical morphism of bicategories
C : ELG[W−1] → ELG+ such thatC ◦ U = C ′.

Theorem 11.2 − The morphism of bicategoriesC : ELG[W−1] → ELG+ induces an equivalence of
bicategories.

Proof: We check the necessary and sufficient conditions given in [P,Prop 24].

i) C is essentially surjective on objects.
Straightforward.

ii) C is fully faithful on 2-cells.
It follows from the proof of Lemma 2.4 in [LTX].
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iii) For all G = (G0, G1), G
′ = (G′

0, G
′
1) ∈ Ob(ELG), for any generalized morphismF : G → G′,

there exists a weak equivalencew of Lie groupoids and a 1-morphismf : G → G′ in ELG such
thatB(f) andF ◦ B(w) are isomorphic.
We refer the reader to the proof of Proposition 2.3 in [LTX].

�

12 Comparison of two categories

LetB be a bicategory. The we define the categoryB/2 as follows.

0. Ob(B/2) = Ob(B).

1. Let A,B be two objects inOb(B/2). Let ∼ be the equivalence relation on Hom1
B(A,B) defined

by f ∼ g if and only if there exists a 2 morphismsθ such thatθ(f) = g. Then we define the mor-
phisms fromA to B in B/2 as

HomB/2
(A,B) := Hom1

B(A,B)/ ∼ .

If F : B → C is a morphism of bicategories, then it induces a canonical functor denoted byF/2 fromB/2

to C/2. Moreover ifF is an equivalence of bicategories, thenF/2 is an equivalence of categories.

Applying this toB : ELG[W−1) → DS we get the following theorem.

Theorem 12.1 − The functorB/2 : (ELG[W−1])/2 → DS/2 defines an equivalence of categories.

Remarks 12.2− This theorem is not so good to work with stacks. We have lost many informations. For
example we can not consider anymore the gluing data on the level of stacks. We refer the reader to the
pages 2490 and 2491 of [HM] for a longer discussion.

We can also apply this general construction toC : ELG[W−1] → ELG+. Then we get an equivalence of
categoriesC/2 : (ELG[W−1])/2 → (ELG+)/2. In [LTX], the authors consider the category(ELG+)/2

and the following diagram links this one and the categoryDS/2:

(ELG+)/2 (ELG[W−1])/21:1

C/2oo
B/2

1:1
// DS/2 .
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